This paper assumes that the underlying asset prices are lognormally distributed, and derives necessary and su cient conditions for the valuation of options using a Black-Scholes type methodology. It is shown that the price of a futures-style, marked-to-market option is given by Black's formula if the pricing kernel is lognormally distributed. Assuming that this condition is ful lled, it is then shown that the Black-Scholes formula prices a spot-settled contingent claim, if the interest-rate accumulation factor is lognormally distributed. Otherwise, the Black-Scholes formula holds if the product of the pricing kernel and the interest-rate accumulation factor is lognormally distributed.
Introduction
This paper establishes necessary and su cient conditions under which futuresstyle options, traded on a marked-to-market basis, can be valued using the Black1976 model. It contrasts these with the conditions under which the Black-Scholes model can be used to obtain the spot price of an option. Assuming that these conditions obtain, the prices of the two t ypes of contingent claim are compared. Interest rate options, index options, and individual stock options on the Sydney Futures Exchange SFE are traded on a daily marked-to-market basis. In other words, they are futures-style contingent claims. This form of contract is not unique to the SFE, for example on the London International Financial Futures Exchange LIFFE, options on futures are also traded in this manner. However, most options on other exchanges, options on the spot and options on futures are paid for on a spot cash basis. The pricing of options that are paid for on a spot basis is similar, from a theoretical point of view, to settlement o n a forward basis. 1 In this paper we analyse the di erence between the pricing of a futures-style claim, i.e. the price of a daily marked-to-market claim, and the forward price of a claim. The contingent claims analyzed are European-style put and call options. 2 The di erence between the marked-to-market futures price and the forward price of a contingent claim is due to the e ect of stochastic interest rates on the price of the claim. In the case of the futures and forward prices of the underlying asset itself, the size of this di erence depends on the covariance of the asset price and the interest rate accumulation factor. 3 In the case of many assets this e ect is probably fairly small, and is often ignored in practice. However, in the case of long term futures and forward contracts on assets, such as bonds, which h a ve high covariances with interest rates, the size of the di erence may be substantial. Also, in the case of options, the di erence may be far more signi cant, since in this case, the di ernce between the futures and forward prices of the underlying asset is leveraged. As well as the di erence of the futures and forward prices being more signi cant in the case of options, there is a more fundamental consideration. We show here that the conditions for the Black1976 model are less stringent for futures-style options than for forwardstyle options. It turns out that the Black model holds for forward-style options if the pricing kernel and the interest rate accumulation factor are lognormally 1 The spot price of a European-style claim, paying no dividends, is its forward price, discounted at the zero-bond price for the maturity of the option. Hence, any factors that a ect the forward price of the claim also a ect the spot price. 2 The general approach used here could be modi ed for the case of American-style options. In this context, see, for example Ho, Stapleton and Subrahmanyam1996. 3 see for example Cox, Ingersoll, and Ross 1981 distributed. 4 However, in the case of futures-style options, the condition for the Black model is far less stringent, it is su cient that the pricing kernel is lognormal.
Futures-style contingent claims have been studied by Lieu 1990 and by Du e and Stanton 1992. Lieu values marked-to-market, European-style, call and put options, assuming that the futures price evolves as a Gauss-Weiner process. He establishes that the Black1976 model holds under this assumption. Lieu also establishes a put-call-parity relationship for these options. Du e and Stanton provide a somewhat more general no-arbitrage condition for the pricing of both futures and forward-style claims, again in a continuous time setting. 5 However, their expression for the value of the continuously re-settled call option, is derived under the assumption of constant i n terest rates. 6 It is, therefore, in their special case, simply the non-discounted Black-Scholes price, and is identical to the forward price of the claim. Lieu, on the other hand, does provide su cient conditions for the Black model to hold for futures-style options.In comparison, we establish here, by concentrating on the pricing kernel, both necessary and su cient conditions for the model to hold. We also compare the pricing of futures and forward style claims and show that Lieu's put-call parity relation for futures-style options holds in similar form for forward-style options. Compared to this previous work on the pricing of contingent claims, we start with a more general framework, based directly on the original contribution of Cox, Ingersoll and Ross1981. This leads us to an analysis of the pricing kernel, and a comparison of the conditions under which the Black model can be used to price the futures-style and forward-style options.
In section 2, we derive no-arbitrage pricing relationships for futures-style options, extending the results of Cox, Ingersoll and Ross 1981. We derive the e ect of the marking-to-market interval on the price of the contingent claims, and the implications for put-call parity. In section 3, we assume that the spot price of the asset is lognormallydistributed and establish necessary and su cient conditions for the Black model to price marked-to-market and non-marked-tomarket claims respectively. In section 4, we assume that the conditions for the Black model to hold are satis ed and examine the di erence between the prices of the futures-style and forward-style claims. Conclusions are presented in section 5.
Forward and Futures Contracts
In the nancial markets, a futures contract normally refers to an agreement t o buy or sell an asset at a xed price, at a future date, where the contract is marked-to-market' and settled at a series of speci ed points in time. Typically, the marking to market is on a trading day basis. On the other hand, a forward contract can be thought of as a special type of futures contract, one that is marked-to-market only once, at the maturity of the contract. Since many authors work with continuous time models in the nance literature, it is usually assumed for modelling simplicity that a futures contract is marked-to-market continuously. 7 In this section, we will use the term futures contract as a generic term which includes the typical market forward contract and typical market futures contract as special cases. Hence the forward price is a ected by the period by period stochastic discounting at the prevailing rates of interest, re ected by the term g t;s . 8 We can now apply Proposition 1 to the valuation of assets whose payo is contingent on the price of an underlying asset. We restrict attention to European-style contingent claims that pay o at a terminal date s. These derivative assets pay no dividends from time t the valuation date to time s. W e consider the futures price, for delivery at s, of such a contingent claim.
As we h a ve seen above, forward prices of assets are more complex, in general, than futures prices. While the day-to-day marked-to-market futures price of an asset is the risk-adjusted" expectation of the spot price at time s, the forward price includes an interest rate term. The European-style contingent claim has a p a yo denoted cV s at time s which is a function of V s , the price of the underlying asset. In the particular case of a European call option with a strike price K, for example, we can write
We shall denote the spot price at t of the general contingent claim as V t cV s . Similarly, its futures price at t for delivery at time s will be denoted in general by F t;s cV s . In the case of the usual market futures contract, where the contract is marked-to-market every trading day w e denote the futures price of the contingent claim as H t;s cV s . The forward price of the contingent claim at t, also for delivery at time s, is denoted by G t;s cV s .
The Futures Price of a Contingent Claim
Applying Proposition 1 to the evaluation of the futures price of a contingent claim we h a ve the following: Alternatively, if the claim is marked-to-market just once at time s, and the call has a forward price o f G t C then the forward price of the put option is
The proof of the corollary follows directly from substituting the payo function of the put and the call option in Proposition 2. Note that the second part of the corollary is actually a generalisation of Lieu's result and itself follows directly also from the usual put-call-spot parity. De nition The Black model Suppose that the price of the underlying asset, V s , i s l o gnormally distributed with logarithmic standard deviation . Then, the Black model holds for the futures price of a European-style contingent claim on the asset, if the futures price o f the claim can be c omputed using the`risk-neutral' distribution of the underlying asset. In this context, the risk-neutral distribution of the asset is a probability distribution which is lognormal, with a mean equal to the futures price o f t h e asset, F t;s , a n d a l o garithmic standard deviation equal to .
In other words, if the Black model holds, the futures price of the claim is given by The signi cance of Proposition 3 stems from the widespread use of the Black model in practice. The Black model, and its close relative, the Black-Scholes model, are used extensively to price options, including interest rate and bond options, when interest rates are stochastic. The necessary and su cient conditions established in Proposition 3b, especially, give some idea of the validity o f their use when interest rates are stochastic and, in particular, correlated with the underlying asset price. Much of the proof of Proposition 3 concerns the details of the lognormal distribution. The proof in the appendix shows the main steps in the argument and relies heavily on the method of proof used by Brennan 1979, page 60. The di erence here is that our condition is a restriction on the pricing kernel, t;s rather than on the utility function of the representative i n vestor. Otherwise, our proof for the futures price of the contingent claim follows the same steps as Brennan's for the spot price of the claim. In Proposition 3a, the necessary condition is somewhat weaker than the su cient condition . The relevant pricing function is the conditional expectation E t t;s j V s rather than t;s itself. However, in order to relate our results to those of Brennan 1979 and Rubinstein 1976 , note that if we w ere to assume, as they did, that V s is joint lognormally distributed with aggregate wealth and that there exists a representative i n vestor, then Proposition 3a would imply that the representative i n vestor had constant proportional risk aversion CPRA preferences. Proposition 3b shows that joint lognormality o f t;s = t;s g t;s with V s is a su cient condition for the Black model to hold for the forward price of the contingent claim. Hence, if t;s is joint lognormal with V s , a further su cient condition in this case is that the stochastic bond price factor g t;s is also jointlognormally distributed. It is signi cant that many of the analytical models, in the literature, which capture the e ect of stochastic interest rates on contingent claims prices, do assume Gaussian interest rates. 10 The necessary condition in this case is that E t t;s j V s is lognormal. If t;s is itself lognormal, this is close to stating that a necessary condition for the Black model to hold for the forward price of the claim is that the bond price factor g t;s is lognormal. Finally, w e should observe that Proposition 3 holds for any no-arbitrage economy in which V s is lognormally distributed. In particular, the conditions hold regardless of the trading environment that exists between dates t and s. In order to establish propositions 1 and 2, we need only assume that trading takes place at points in time t; t + 1 ; t + 2 ; :::; s where the number of trading dates is arbitrary. T h us, Proposition 3 is not dependent on the number of trading dates between t and s. The number of dates could be any element in the set 0,1 . The two cases that have been emphasized in the literature are:
1. continuous trading number of dates ! 1 , 2. discrete trading at t and s numb e r o f i n termediate dates = 0.
In the latter instance, where no intermediate trading is possible, we h a ve the world assumed by Brennan 1979 and Rubinstein1976. These two cases, 0; 1, constitute special cases of Proposition 3. The results hold in these two cases, but also apply to economies with an arbitrary number of trading dates. To this extent, the theorems in this section represent an extension of previous applications of the Black model to be found in the literature. In addition of course, the results here apply to an economy with stochastic interest rates. Another important implicationof Proposition 3 relates to continuous-time economies. Proposition 3 shows that the assumption of joint lognormality o f V s and t;s is an alternative su cient condition for the Black model to hold. More signi cantly, despite the fact that no explicit assumption is made regarding risk preferences and the pricing function t;s , in deriving the Black model in a continuous time economy, Proposition 3 establishes that lognormality o f E t;s j V s is an implicit assumption. Furthermore, if there exists a representative i n vestor, and if V s and aggregate wealth are joint lognormally distributed, the implicit assumption is that the representative i n vestor has CPRA preferences. We n o w state some of these implications of Proposition 3 in the form of corollaries. We h a ve: where K is the exercise price of the option, the e ect of stochastic discounting on the price of the option is = 0 if and only if covV s ; g t;s = 0.
Proof Statements 2a and 2b follow from the spot-forward relationship that holds for zero-dividend paying assets. To prove 2c note that, for a call option If covV s ; g t;s = 0; G t;s = H t;s and hence G t cV s = H t cV s 2 Proposition 3 and Corollary 2 establish the conditions for the preference-free Black model to hold for the futures prices of a contingent claim. We n o w explore some economic scenarios under which these conditions will hold. Proof In a representative agent economy, it can be shown that t;s is the relative marginal utility of the agent. If aggregate wealth is lognormal and if the agent's utility for wealth exhibits constant proportional risk aversion, then t;s and V s are joint lognormal and the su cient conditions of Proposition 3a are satis ed. 11 If, in addition, g t;s is lognormal then t;s g t;s is also joint lognormal with V s . Corollary 3b is important in the context of interest rate options. A su cient set of conditions for the use of the Black model in the pricing of options on bonds is risk neutrality and lognormal bond prices i.e., normally distributed interest rates. Corollary 3c is simply a special case of 3b. Corollary 3d provides a link with the traditional analysis of options in di usion models. If the futures price of an asset follows a multiplicative binomial process, the variable t;s must also evolve a s a m ultiplicative binomial process. Hence in the limit, as the trading interval tends to zero, the distribution of t;s limits to the lognormal distribution. Finally, in the context of bond options, 3e applies the theorem to the mean-reverting Vasicek model. Note, howeve, that Proposition 3 requires only that the variables are joint lognormal at time s and does not specify the degree of mean reversion. 4 The e ect of marking-to-market on the valuation of contingent claims
In Sections 2 and 3, we h a ve applied general results on futures pricing to determine the futures prices of contingent claims. We assumed in section 3 that the spot price at time s is lognormally distributed, and derived necessary and sucient conditions for the Black Model to hold for the futures price of a contingent claim. In the special case of a forward contract, this establishes the necessary and su cient conditions for the Black and Scholes option pricing formula to hold in stochastic-interest-rate economies.
Further implicationscan now be drawn, from these relationships, to calculate the e ect of the daily marking-to-market convention on the valuation of Europeanstyle options. We will assume here that the conditions of Proposition 3a and b are ful lled, i.e. that the spot price of the asset is lognormally distributed, and that the Black model holds for the daily marked-to-market futures price of the contingent claim and for its forward price. Given these relationships, it is straightforward to compute the e ect of the marking-to-market convention on the pricing of contingent claims. The forward price of the contingent claim is measures the precise e ect of the marking-to market convention on the call option price, given stochastic interest rates . Two important points should be noted. First, simply because the Black equation 8 holds, it does not mean that stochastic interest rates do not have an impact on the prices of forward-style contingent claims. Contingent claim prices are, in general, a ected; but, the impact is captured precisely by the e ect that stochastic interest rates have on the asset forward price. The e ect of stochastic interest rates is re ected in call option prices in a manner similar to the way in which risk aversion is re ected through the spot price of the asset on which the option is written. The second point is that although the di erence between the forward and the futures price of an asset may be small, the e ect on option prices may b e m uch larger. The size of the expression in equation 10 depends, not only on the di erence in the means of thef and f distributions the futures and forward price of the asset, but also upon the strike price of the option. For instance, if the strike price K is relatively large i.e. the call option is an outof-the-money option, a small di erence between the means off and f will have a large percentage e ect on the option price. The di erence is also likely to be particularly signi cant in the case of options on interest rates and bonds, where the covariance between interest rates and the underlying asset price is relatively large, in absolute magnitude, and the resulting di erence between the asset forward and futures prices is signi cant.
Conclusions
The martingale property of asset prices in a no-arbitrage economy is a fundamental result in nancial economies. However, the valuation models for contingent claims that follow from this property are often too general to be directly implementable. Many option valuation models in the literature, therefore, have restricted the stochastic process followed by the underlying asset prices and assumed a lognormal di usion or a square-root process, in order to obtain more speci c results, that are useful in practice. In this paper in particular in Proposition 3, we h a ve presented necessary and su cient conditions for the valuation of contingent claims using a commonly used, preference-free valuation relationship, referred to as the Black model. A su cient condition for the Black model to hold in the case of a daily markedto-market futures contract on the contingent claim is that the pricing kernel is joint lognormally distributed with the asset price. On the other hand, a set of su cient conditions for the Black model to hold for the forward price of the claim are that discount factors as well as the pricing kernel are joint-lognormal distributed. Necessary conditions derived suggest that for these pricing relationships to hold in a representative agent, stochastic-interest-rate economy, the agent m ust have constant-proportional-risk-averse preferences and the conditionally expected zero-bond price must be lognormal.
Supposing that the Black model holds for both the futures price and the forward price of an option, we provide a precise formula for the e ect of the mark-to market convention on an option price. If the forward price of the asset is less than the futures price then the e ect of stochastic interest rates on the forward price of a call option is unambiguously negative. The e ect is captured by replacing the futures price of the asset by its forward price in the Black formula. While the di erence between the forward and the futures price of the underlying asset is generally small, the e ect on the option price is levered up. 12 The more out of the money is the option, the greater is the relative e ect of stochastic interest rates on its value. Proposition 3 has a direct application when options are traded on a forward or a futures basis. In this regard, it is worth noting that many o ver-the-counter options on foreign exchange are traded on a forward basis. Also, 
